EXOTIC STEIN FILLINGS WITH ARBITRARY FUNDAMENTAL GROUP 
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Abstract. For any finitely presentable group G, we show the existence of an isolated 
complex surface singularity link which admits infinitely many exotic Stein fillings whose 
fundamental group is isomorphic to G. Along the way, we also provide a new construction 
of a Lefschetz fibration over the 2-sphere whose total space has fundamental group G, 
using Luttinger surgery. 



1. Introduction 

This paper is a sequel to J6l in which the authors have shown that, for each m > 1, there 
exists a Seifert fibered complex surface singularity link which admits an infinite family of 
exotic (i.e., homeomorphic but pairwise non-diffeomorphic) Stein fillings of its canonical 
contact structure, whose fundamental group is Z © Z m . The goal of this paper is to improve 
this result by replacing the group Z © Z m with an arbitrary finitely presentable group G. 

Every finitely presentable group can be realized as the fundamental group of some closed 
symplectic 4-manifold lfT3l and every closed symplectic 4-manifold admits a Lefschetz 
pencil over the 2-sphere ifTTI . Since a Lefschetz pencil can be turned into a Lefschetz 
fibration by blowing up its base locus — that has no effect on the fundamental group of the 
underlying 4-manifold — one immediately obtains Theorem \T\ which has inspired our work. 

Theorem 1. (Gompf & Donaldson) For any finitely presentable group G, there exists a 
closed symplectic ^-manifold with fundamental group G, which admits a Lefschetz fibration 
over the 2-sphere. 

Since the total space of a Lefschetz fibration with fiber genus greater than one admits a 
symplectic structure lfT4l . Theorem Q] can also be proven by constructing an explicit Lef- 
schetz fibration over S 2 whose total space has fundamental group G (cf. flU and lfT6lO . 

In this paper, using Luttinger surgery, we describe a new construction of a closed sym- 
plectic 4-manifold with 7Ti = G and b\ > 2 which admits a Lefschetz fibration over S 2 
that has two additional features: (i) the symplectic 4-manifold contains a homologically 
essential embedded torus of square zero intersecting each fiber of the Lefschetz fibration 
twice and (ii) the Lefschetz fibration admits many (— 2)-sphere sections disjoint from this 
embedded torus. 

Once we have this result at hand, we follow a strategy similar to the one employed in [0 
to prove the existence of a Seifert fibered complex surface singularity link which admits 
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infinitely many exotic Stein fillings of its canonical contact structure, whose fundamental 
group is isomorphic to a given finitely presentable group G. 

We would like to emphasize that none of the previous constructions of Lefschetz fibra- 
tions in the literature could be effectively utilized to prove the main result of this article. 
For example, the Lefschetz fibrations over S 2 described in [16J do not necessarily carry 
the homologically essential tori we need for producing exotic copies of the Stein fillings. 
Moreover, the separating vanishing cycles appearing in those Lefschetz fibrations may not 
allow to prove the Steinness of the remaining piece after the removal of some sections and 
a fiber. 

The direct approach using Donaldson's Lefschetz pencils would not work for us either, 
since any of the sections of a Lefschetz fibration obtained by blowing up the base locus of a 
Lefschetz pencil has self-intersection —1 and therefore is not suitable for our construction 
of exotic Stein fillings of an isolated complex surface singularity. 

We would like to point out that the total space of any of the Lefschetz fibrations that 
we construct in this paper is symplectically minimal and has b\ > 2. The case b\ = 1 
has been studied separately in ||S). These later examples, however, do not necessarily yield 
Stein fillings. We hope to return to this case in a future article. 

2. LUTTINGER SURGERY AND SYMPLECTIC SUM 

Luttinger surgery (cf. [fT71 , IfTOl ) has been a very effective tool recently for constructing 
exotic smooth structures on 4-manifolds. In this section, we briefly recall Luttinger surgery 
and symplectic sum operations. 

2.1. Luttinger surgery. Let L be a Lagrangian torus embedded in a closed symplectic 
4-manifold (X,co). It follows that L has a trivial normal bundle. In addition, by the 
Lagrangian neighborhood theorem of Weinstein, a neighborhood vL of L in X can be 
identified symplectically with a neighborhood of the zero- section in the cotangent bundle 
T*L ~Txl 2 with its standard symplectic structure. Let 7 be any simple closed curve on 
L. The Lagrangian framing described above determines, up to homotopy, a push-off of 7 
in d(uL), which we denote by 7'. 

Definition 2. For any integer m, the (L, 7, m) Luttinger surgery on X is defined as 

X Ln , m = (X - vL) U (S 1 x S 1 x D 2 ), 

where, for a meridian fi^ of L, the gluing map : S 1 x S 1 x 3D 2 — > d(X — vV) satisfies 
<P({dD 2 }) = \pt L ] + m[i) in H x {d{X - vL). 

Remark 3. A salient feature of Luttinger surgery is that it can be done symplectically, i.e., 
the symplectic form uj on X — uL can be extended to a symplectic form on X^ a ^ m as shown 

in ma. 
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Lemma 4. We have it\(X La , m ) = m(X — vL) /N(ij, L ^' m ), where N(p L j' m ) denotes the 
normal subgroup of tti(X — vL) generated by the product HLl' m - Moreover, we have 
cr{X) = <j{X l )7 , m ), and x{X) = x(X i)7 m ), where a and x denote the signature and the 
Euler characteristic, respectively. 

Proof. The result about the fundamental group follows from the Seifert-van Kampen's the- 
orem, while the signature formula is just Novikov additivity. The result about the Euler 
characteristics is evident. □ 

2.2. Symplectic sum. Let (Xi, uj\) and (X 2 , u 2 ) be closed symplectic 4-manifolds con- 
taining closed embedded surfaces F\ and F 2 of genus g, with normal bundles v\ and u 2 , 
respectively. Assume that e(u x ) + e(z/ 2 ) = 0, where e(z/j) denotes the Euler class of the 
bundle v { . 

Definition5. For any choice of a fiber-orientation reversing bundle isomorphism^ : V\ — > 
v 2 , the symplectic sum of X\ and X 2 is defined as the closed 4-manifold 

X#^X 2 = (X 1 - v x ) (X 2 - u 2 ). 

This gluing is called a symplectic sum since there is a natural isotopy class of symplectic 
structures on X\j^^,X 2 extending the symplectic structures on X\ — v\ and X 2 — v 2 as 
shown in lfT3i 

3. Lefschetz fibrations with arbitrary fundamental group 

In this section, for each finitely presentable group G, we construct a closed symplectic 
4-manifold with t\\ = G and b\ > 2 which admits a Lefschetz fibration over S 2 having 
the additional properties (i) and (ii) listed in the introduction. Parts of this section overlaps 
with certain parts of [8], where the case b 2 = 1 has been studied. In the following, we first 
explain our construction for the case of a finitely generated free group, before we deal with 
the general case. 

3.1. Construction for a finitely generated free group. The product S 9 x T 2 admits a 
symplectic structure, where E 9 and T 2 denote a closed symplectic genus g surface and a 
symplectic torus, respectively. Let {pi, qi > : 1 < i < g} be a set of nonnegative integers 
and let p = . . . ,p g ) and q = {qx,...,q g ). We denote by M g (p,q) the symplectic 4- 
manifold obtained by performing a Luttinger surgery on the symplectic 4-manifold S g x T 2 
along each of the 2g Lagrangian tori with the associated framings belonging to the set 

£ = {(a[x c', a'i, -Pi), {b[ x c", 6J, -q t ) \ 1 < i < g}, 

where {ai,bi : 1 < i < g} is the set of standard generators of 7r 1 (S 3 ) and c,d are the 
standard generators of 7Ti(T 2 ). This family of symplectic 4-manifolds M g (p,q) have been 
studied by the first author and B. Doug Park in (see discussion on pages 2-3, 13-14). 
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For further details, we refer the reader to and references therein. The proof of the 
following result essentially follows from the Example on page 189 in IfTOll . 

Lemma 6. The A-manifold M g (p, q) admits a locally trivial genus gfibration over T 2 . 

Proof. The (a- x c', a-, — p,-) or (b^ x c", b' { , — Luttinger surgery in the trivial bundle 
S g x T 2 preserves the fibration structure over T 2 introducing a monodromy of the fiber 
£ g along the curve c in the base. Depending on the type of the surgery the monodromy is 
either (t ai ) Pi or (t&J 9i , where t denotes a Dehn twist. 

□ 

An alternative proof of the above lemma can be obtained by identifying the symplectic 
4-manifold M g (p,q) with M K x S 1 , where M K is the 3-manifold obtained by 0-surgery 
along a suitably chosen fibered genus g knot K in S 3 (see for example the symplectic 
building blocks in (3]| via knot surgery and their construction using Luttinger surgery in 
appendix of flU). 

Notice that the order of the Luttinger surgeries determines the monodromy of the fi- 
bration in Lemma [61 but this is irrelevant for the rest of the paper. The proof of the next 
result — which is essentially a consequence of Lemma[4] — can be found in 0. 

Corollary 7. The fundamental group ofM g (p, q) is generated by ai,bi (i — 1, . . . , g) and 
c, d, with the following relations: 

(1) [br\ cT 1 ] = of, [ar\ d) = bfjor alll<i<g, 

(2) [oi, c] = 1, [bi, c] = 1, for all 1 < i < g, 

(3) [ax, h] [a 2 , b 2 ] ■ ■ ■ [a g , b g \ = 1, and 

(4) [c,d} = l. 

The torus {pt} xT 2 cE 9 xT 2 induces a torus T with trivial normal bundle in M g (p, q). 
On the other hand, a regular fiber of the elliptic fibration on the complex surface E{n) is 
also a torus of square zero. 

Definition 8. Let X g>n (j), q) denote the symplectic sum of M g (j>, q) along the torus T with 
the elliptic surface E{n) along a regular elliptic fiber. 

Lemma 9. The symplectic A-manifold X gyn (p,q) admits a genus 2g + n — 1 Lefschetz 
fibration over S 2 with at least An + 4 pairwise disjoint sphere sections of self intersection 
—2. Moreover, X g>n (p,q) contains a homologically essential embedded torus of square 
zero disjoint from these sections which intersects each fiber of the Lefschetz fibration twice. 

Proof. By definition, X gin (p,q) is obtained as the symplectic sum of the complex surface 
E(n) along a regular elliptic fiber with the symplectic 4-manifold M g (p, q) along a torus T 
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which is induced from {pt} x T 2 in S 9 xT 2 . Notice that by Lemma[6l M g (p, q) is a locally 
trivial genus g bundle over T 2 where T is a section. 

On the other hand, since the complex surface E{n) can be obtained as a desingularization 
of the branched double cover of S 2 x S 2 with the branching set being 4 copies of {pt} x S* 2 
and 2n copies of S 2 x {pt}, it admits a genus n — 1 fibration over S 2 as well as an elliptic 
fibration over S 2 , both of which are obtained by the projection of S 2 x S 2 onto one of the 
S 2 factors. In fact, both fibrations can be realized as Lefschetz fibrations and a regular fiber 
of the elliptic fibration on E{n) intersects every genus n — 1 fiber of the other Lefschetz 
fibration twice. 

Consequently, when performing the symplectic sum of E{n) along a regular elliptic fiber 
with the surface bundle M g (p,q) along a torus section T, the fibration structures in both 
pieces can be glued together to yield a genus 2g + n — 1 Lefschetz fibration on X g>n (p, q) 
over S 2 . 

In addition, we observe that a sphere section of the genus n — 1 Lefschetz fibration 
E{n) — y S 2 induce a section of the genus 2g + n — 1 Lefschetz fibration q) — >■ S 2 . 

Since E{n) can be realized as a fiber sum of two copies of CP 2 #(4n + 5)CP 2 along a 
genus n surface, and since there is a Lefschetz fibration CP 2 #(4n + 5)CP 2 — > S 2 with at 
least An + 4 pairwise disjoint sphere sections of self intersection — 1 (cf. |fT8l ), we conclude 
that the genus n — 1 Lefschetz fibration P(n) — >■ S 2 has at least 4n + 4 pairwise disjoint 
sphere sections of self intersection —2. 

Moreover, the homologically essential embedded torus T of square zero in X g>n (p,q) 
which is disjoint from these sections intersects each fiber of the Lefschetz fibration twice. 

□ 

Lemma 10. The fundamental group of the symplectic A-manifold X g>n (p,q) is generated 
by the set {<ii,bi : 1 < i < g} subject to the relations: 

(1) af = 1, bf = I, for all\<i<g, and 

(2) nj =1 [a i ,6 i ] = l. 

Proof. Choose a base point x on d(uT) such that m (M g (p, q)\vT, x) is normally generated 
by di, bi (i = 1, • • • , g) and c, d. Since the symplectic torus {pt} x T 2 is disjoint from the 
neighborhoods of 2g Lagrangian tori in C above. Consequently, all but relation (3) in 
Corollary |7] holds in 7Ti(M ff (p, q) \ vT). The product [a a , &i][a 2 , b 2 ] ■ • • [a g , b g ] is no longer 
trivial, and it represents a meridian of T in iti(M g (p, q) \ uT). Since %i(E(n) \ (v(T)) = 1, 
after the fiber sum we have c = d — 1 in the fundamental group of X gtn (p, q). Hence we 
obtain the desired presentation for 7Ti(X g>n (p, q)). 

□ 

Corollary 11. By setting pi = 1 and qi = 0, for all 1 < i < g, we observe that the 
fundamental group ofX g}Jl ((l, 1, . . . , 1), (0, 0, . . . , 0)) is a free group of rank g. 
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3.2. Construction for an arbitrary finitely presentable group. Let G be a finitely pre- 
sentable group with a given presentation (xi, . . . , x k | ri, . . . , r s ). The syllable length l(w) 
of a word w e Gin the letters x%, . . . , x k is defined as 

l(w) = {minm | w = a;™ 1 ^™ 2 ■ ■ • x™™ , 1 < ij < /c, rij G Z}. 

Let {aj, bj : I < j < k} denote the set of standard generators of ni(F), where F is a 
closed genus k surface. Since rj is a word in the generators x%, . . . , x k , there is a smooth 
immersed oriented circle 7, on F representing the corresponding word in TTi(F), obtained 
by replacing each Xj with bj. We may choose the loop 7» (up to homotopy) such that at 
each self-intersection point, only two segments of 7,; intersect transversely. In order to carry 
out some Luttinger surgeries we have in mind, we first need to resolve the self-intersection 
points of 7j by a trick that was initially introduced in [9|, and refined further in [fT6ll . We 
will use the later version below. 

For each self-intersection point of the immersed curve 7,; where two segments intersect 
locally, we glue a 1 -handle to F and modify 7, so that one of the intersecting segments 
goes through the handle while the other remains under it. The modified curve on the new 
surface will be denoted by 7, as well. Notice that the number of handles needed to resolve 
all the self-intersections of 7^ is Z(r^) — 1. Thus, the total number of handles attached will 
be I — s, where we just set / = Z(rx) + ■ — h l(r s ). After these handle additions, the surface 
F is changed to a surface F' of genus k' = k + (/ — s) > k so that each (modified) 7^ is 
now an embedded curve on F' . 

Let {cij, bi : 1 < j < k'} represent the set of standard generators of iti(F'), extending the 
standard generators of 7ii(F). We perform Luttinger surgeries on the standard symplectic 
4-manifold F' x T 2 , along the following Lagrangian tori 

{(aj x c', a[, -1), (b' t x c", b' h -1), k + 1 < i < k'}. 

Moreover, just as in the free group case, we perform Luttinger surgeries on F' x T 2 along 
the 2k Lagrangian tori belonging to the set 

{(ajx^o^-l), (b' i xc",b' l ,0)\l<z<k}. 

Let M(G) denote the symplectic 4-manifold obtained by the total of 2k' Luttinger surg- 
eries on F'xT 2 . Notice that k of these Luttinger surgeries have a surgery coefficient 0, thus 
have no effect on the associated Lagrangian tori. As in Section [3T1 we take a symplectic 
sum of M(G) along the torus T descending from pt x T 2 with E(n) along a regular elliptic 
fiber (here we assume n > 2 for reasons which will be clear in Section HI), and denote the 
resulting symplectic 4-manifold by Y n (G). Note that iii(Y n (G)) is a free group of rank k. 

Since a regular fiber of a genus n— 1 hyperelliptic Lefschetz fibration on E{n) intersect a 
regular fiber of an elliptic fibration on E{n) at two points, Y n (G) admits a genus 2k' + n — 1 
Lefschetz fibration over S 2 (see the proof of Lemma 
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Note that Y n {G) can also be constructed as the twisted fiber sum of two copies of a 
genus 2k' + n — 1 Lefschetz fibration on £*./ x S 12 #4nCP 2 obtained as a combination of 
the work in lfi~5l and lfi~9l . This essentially follows from the fact that the symplectic sum 
of E{n) along a regular elliptic fiber with x T 2 along a natural square zero torus is 
diffeomorphic to the untwisted fiber sum of two copies of the genus 2k' + n — 1 fibration 
on Efc/ x S 2 #4nCP 2 , which in turn follows from the branched cover description of these 
4-manifolds. When performing the Luttinger surgeries, the gluing diffeomorphism of the 
genus 2k' + n — 1 fibration, which is an identity map initially, turns into the product of a 
certain Dehn twists. This gluing <\> diffeomorphism can be described explicitly using the 
curves along which we perform our Luttinger surgeries: <\> = t ai ■ ■ ■ t ah t ak +1 h k+1 • • • ta k ,h k , ■ 

The global monodromy of the genus 2 k' + n — 1 Lefschetz fibration on Y n (G) is given by 
the following word: 9 2 (p~ 1 9 2 (p = 1, where 9 2 is the global monodromy of Gurtas' fibration 
|[T5l . obtained by factorizing an involution in the mapping class group of a closed surface 
of genus 2k' + n — 1 in terms of positive Dehn twists. We will study the details of this 
alternative approach in a subsequent paper. 

In addition to applying the above Luttinger surgeries on the "standard" tori, we apply s 
more surgeries along tori: 

{( 7l 'xc'", 7 ;,-i), i<*< s }. 

These tori descend from M(G) and survive in Y n (G) after the fiber sum with E{n). Let 
X n {G) denote the symplectic 4-manifold obtained after performing these Luttinger surg- 
eries in Y n (G). 

In the fundamental group of X n (G) we have the following relations — which we explain 
below — that come from the last set of Luttinger surgeries, 

where x d is a dual torus of 7^ x c'". Here is a (carefully chosen) vanishing cycle 
of Y. Gurtas' genus 2k' + n — 1 fibration in [fT5l . Since after fiber summing with E(n), 
we have c = d = 1, it follows that iTi(X n (G)) admits a presentation with generators 
{a;, hi : 1 < % < k'} and relations: 

a\ = 1, . . . , a k > = 1, 

bk+i — 1, ••-,&*' = 1, 
71 = 1,...,7 S = 1. 

In other words, m(X n (G)) = . . . , bk \ 71, . . . , 7 S ), which is indeed isomorphic to 
the given group G. The above presentation follows from the following facts: (i) c = d = 1 
in tvi(X(G)), (ii) for each torus Ti = 7- x c'" there is at least one vanishing cycle of the 
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genus 2k' + n — 1 Lefschetz fibration on Y n (G) (see Theorem 2.0.1, page 12, lfi~5l0 such 
that they intersects precisely at one point. 

After the s Luttinger surgeries on tori Tj = 7^ x d" , we obtain the following set of 
relations: 

VllA = 7i,-- - Ml] A =7s 

. Since = 1, and d = 1 in the fundamental groups of Y n (G) and X n (G), because 
are the vanishing cycles of the genus 2k! + n — 1 fibrations on them, we obtain 7, = 1 for 
any i. In conclusion, by taking g = k', we proved 

Proposition 12. Gz'ven any finitely presentable group G, there exists a closed symplectic 
A-manifold X n (G) with fundamental group G, which admits a genus 2g + n — 1 Lefschetz 
fibration over S 2 that has at least 4n+4 pairwise disjoint sphere sections of self intersection 
—2. Moreover, X n (G) contains a homologically essential embedded torus of square zero 
disjoint from these sections which intersects each fiber of the Lefschetz fibration twice. 

Note the genus 2g + n — I = 2(k + I — s) + n — lof the Lefschetz fibration on X n [G) 
given in Proposition [T2l depends on the given presentation (xi, . . . , Xk \ r 1 , . . . ,r s ) of the 
finitely presentable group G. 

4. Exotic Stein fillings with arbitrary fundamental group 

Let G be an arbitrary finitely presentable group. In this section we prove our main result: 

Theorem 13. There exists a Seifert fibered complex surface singularity link which admits 
an infinite family of exotic (i.e., homeomorphic but pairwise non-diffeomorphic) Stein fill- 
ings of its canonical contact structure, whose fundamental group is isomorphic to G. 

Proof. We follow a strategy similar to the one used in [6] to prove our theorem. By Propo- 
sition [T21 there is a closed symplectic 4-manifold X n [G) whose fundamental group is G, 
which admits a Lefschetz fibration over S 2 that has at least An + 4 pairwise disjoint sphere 
sections of square —2. By removing a neighborhood of all but one of these sections and 
a neighborhood of a regular fiber we obtain a PALF (positive allowable Lefschetz fibra- 
tion) over D 2 which is a Stein filling of the contact structure induced on its boundary (cf. 
HI 121) - As shown in the boundary 3-manifold is a Seifert fibered singularity link and 
the induced contact structure is the canonical contact structure on this singularity link. 

To produce an infinite family of exotic Stein fillings of the same Seifert fibered singu- 
larity link with its canonical contact structure, we rely on the well-known Fintushel-Stern 
knot surgery trick as used in [[51 [6]|. The torus we use for knot surgery is a torus that is 
induced from {pt} x T 2 that descends to the surface bundle M(G) as a section and to the 
Lefschetz fibration X n (G) — > S 2 as a multi-section intersection each fiber twice. 

We take an infinite family {Ki : i E N} of fibered knots of some fixed genus h > 2 
with pairwise distinct Alexander polynomials and apply knot surgery to X n (G) along the 
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aforementioned torus, to produce an infinite family of pairwise non-diffeomorphic closed 
4-manifolds {X n {G)Ki all homeomorphic to X n (G). 

Moreover, X n {G)K i admits a genus 2g + 2h + n — 1 Lefschetz fibration over S 2 induced 
from the genus 2g + n — l Lefschetz fibration on X n (G), where the disjoint sphere sections 
of X n (G) — > S 2 extends as sections after the knot surgery. As a consequence, by removing 
the neighborhood of some fixed number of sections and a regular fiber of the Lefschetz 
fibration X n (G)Ki — > S 2 , we obtain an infinite family of pairwise non-diffeomorphic Stein 
fillings of the canonical contact structure on the boundary Seifert fibered singularity link. 

Using the exact same argument as in the proof of Theorem 6 in [[61 (see page 8, Figure 
4) and Seifert- Van Kampen's Theorem, we deduce that all our fillings have the same fun- 
damental group G. The key point is that the normal circles resulting from the removal of 
the —2 sphere sections and the genus 2g + 2h + n — 1 fiber are all nullhomo topic. 

We claim that the Stein fillings above are all homeomorphic — which finishes the proof 
of our theorem. First, recall that E{n) contains a small simply connected submanifold 
N{n) with 6 2 = 2, called a nucleus [12], whose complement is diffeomorphic to the Mil- 
nor fiber of the Brieskorn homology 3-sphere E(2, 3, 6n — 1). Consequently, we see that 
X n (G) contains a copy of N{n) and thus X n (G) K _ contains a copy of an exotic nucleus 
N(n)K r Therefore we obtain the following decompositions: X n (G) = N(n) UW(G, n, g) 
and X n {G) K _ = N(n) K . U W(G, n, g). Since the boundary of N{n) K . is the Brieskorn ho- 
mology 3-sphere, the argument which was elaborated in |6| shows that X n (G) K , is home- 
omorphic to X n (G) for any choice of Ki. 

□ 
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